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Abstract
A numerical model for the description of the combined continuous/discontinuous fail-
ure in a regularised strain-softening continuum is proposed. The continuum is regu-
larised through the introduction of gradient terms into the constitutive equations. At
the transition to discrete failure, the problem fields are enhanced through a discontinu-
ous interpolation based on the partition of unity concept. The discretisation procedure
is described in detail and numerical examples illustrate the performance of the com-
bined continuous/discontinuous approach.
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1 Introduction
The introduction of strain softening into a continuum material description requires reg-
ularisation to preserve objective numerical results. A commonly used technique relies
on the introduction of non-local interactions [1]. The performance of these so-called
non-local models, in either integral or differential format, deteriorates in the final stage
of failure [2]. At complete failure of a material point, which is understood as a dis-
continuity (i.e. a physical crack) in the continuum description, numerical interactions
between the two physically separated parts of the body persist and cause an exchange
of information between the two sides of the discontinuity. This information, in the
form of locally extremely high strain values, stimulates damage growth away from
the process zone, i.e. a spurious extension of the continuum damaged zone. This phe-
nomenon, most evident in problems with large crack opening (e.g. composite failure
[2]), manifests itself also in problems with small crack opening [3].
In this work, the introduction of discontinuities in a differential version of a non-local
damage model is presented. Discontinuities are introduced when the material reaches
a fully damaged state. By introducing a discontinuity, non-local interactions across the
crack cease and the unbounded strain at the surface has no influence on the global
response. Discontinuities are introduced using the partition of unity concept [4, 5],
which allows discontinuities in the problem fields to cross arbitrarily through a finite
element mesh [6]. It is shown that through the introduction of discontinuities in a gra-
dient damage model, the spurious response often observed prior to complete failure is
avoided. Besides this appealing numerical feature, the combined model can realisti-
cally describe macroscopic cracks.
2 Enhanced fields
In the gradient-enhanced damage continuum model proposed in [7], the problem is
characterised by the displacement field u and by the scalar non-local equivalent strain
field e. The body ¯Ω, depicted in Fig. 1, is bounded by Γ and it is crossed by a disconti-
nuity surface Γd. Displacements u¯ are prescribed on Γu, while tractions ¯t are prescribed
on Γt. The internal discontinuity surface Γd divides the body into two sub-domains,
Ω

and Ω  (Ω  Ω  Ω  ). The boundary surface of the body ¯Ω consists of three
mutually disjoint boundary surfaces, Γu, Γt and Γd (Γ  Γu

Γt). In the body ¯Ω, the
displacement field can be decomposed as
u  x  t 	 uˆ  x  t 
 Γd x  u˜  x  t  (1)
where  Γd x  is the Heaviside function centred at the discontinuity surface Γd (  Γd 
1 if x  Ω

,  Γd
 0 if x  Ω  ) and uˆ and u˜ are continuous functions on ¯Ω. A similar
decomposition holds for the non-local equivalent strain field:
e  x  t  eˆ  x  t 
 Γd x  e˜  x  t  (2)
where eˆ and e˜ are continuous functions on ¯Ω. In the geometrically linear case, the
strain field is computed as the symmetric part of the gradient of the displacement field
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Figure 1: Body ¯Ω crossed by a discontinuity Γd.
which yields:
ε  ∇suˆ 
 Γd ∇
su˜ if x  Γd  (3)
where  s refers to the symmetric part of  .
3 Problem statement
The boundary value problem for the gradient-enhanced continuum is expressed by
two field equations, in terms of displacements u and the non-local equivalent strain e,
which are linked through the stress field [7]. The equilibrium equations and boundary
conditions for the body ¯Ω without body forces can be summarised by
∇    σ  0 in Ω (4)
σ n  ¯t on Γt (5)
where σ is the Cauchy stress tensor. The strong form is completed by the essential
boundary condition
u  u¯ on Γu  (6)
where u¯ is a prescribed displacement, and by the constitutive relation for the isotropic
description of continuum damage
σ  1  ω  D:ε in Ω (7)
in which ω is the isotropic damage parameter (0  ω  1), function of the monoton-
ically increasing deformation history parameter κ , D is the constitutive fourth order
elasticity tensor and ε is the strain tensor. The evolution of the history parameter κ is
governed by the Kuhn-Tucker relations:
κ˙  0  e  κ  0  κ˙  e  κ ﬀ 0  (8)
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while an exponential softening law is used for the evolution of damage [7]:
ω  1 
κ0
κ
1  α 
 αe  β  κ  κ0  if κ ﬁ κ0  (9)
with α and β materials parameters and κ0 the threshold for damage initiation.
The differential format of the non-local integral averaging of the local equivalent
strain εeq results in a modified Helmholtz equation for e [7]:
e  c∇2e  εeq in Ω  (10)
where c is the gradient parameter (length scale), which, together with the homogeneous
natural boundary condition
∇e  n  0 on Γ  (11)
completes the coupled system of equations. The equivalent strain εeq in equation (10)
is expressed through the modified von Mises definition [8]:
εeq 
k  1
2k  1  2ν  I1 

1
2k
 k  1  2
 1  2ν  2
I21 
12k
 1 
 ν  2
J2 (12)
with I1 and J2 the first invariant of the strain tensor and the second invariant of the
deviatoric strain tensor, respectively, k the ratio of the compressive and tensile strength
and ν the Poisson’s ratio.
From the decomposition of the non-local equivalent strain e and using equation (11),
the boundary conditions at the discontinuity surface (cf. Fig. 1) can be written as:
∇eˆ  ν  0 on Γ d (13)
∇  eˆ 
 e˜ ﬂ ν  0 on Γ

d ﬃ (14)
Since the function eˆ is a continuous function, eˆ

 eˆ  , where eˆ
 
 indicates the value
of eˆ on Γ
 
d . Therefore,
 ∇eˆ  ν 
Γ!d
 ∇eˆ  ν 
Γ"d
 0
ﬃ
(15)
From equation (15) and the above boundary conditions on Γ d , it follows that ∇e˜  ν  0
on Γ

d . In summary, the boundary conditions for the non-local equivalent strain e at the
discontinuity surface can be written as:
∇eˆ  ν  0 on Γ
 
d (16)
∇e˜  ν  0 on Γ

d
ﬃ
(17)
4 Variational formulation and discretisation
The governing system of coupled partial differential equations can be cast in a weak
form. To this end, equation (4) is multiplied by a weight function wu, which is decom-
posed into wˆu and w˜u consistent with the displacement decomposition in equation (1),
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and integrated over the domain Ω:
Ω
wˆu 
 Γd
w˜u   # ∇    σ  dΩ  0
ﬃ
(18)
Following standard procedures and using the additional condition
u˜  0 on Γu (19)
for the magnitude of the displacement jump [9], the above weak equilibrium equation
leads to two variational statements:
Ω
∇swˆu:σ dΩ 
Γt
wˆu    ¯t dΓ (20a)
Ω!
∇sw˜u:σ dΩ 
Γ !t
w˜u    ¯t dΓ
ﬃ
(20b)
In a similar fashion, equation (10) for the non-local equivalent strain can be recast in a
variational form by multiplying it by a scalar weight function we (split up into wˆe and
w˜e) and by integrating over the domain Ω:
Ω
wˆe 
 Γd
w˜e eˆ 
 Γd
e˜ dΩ  c
Ω
wˆe 
 Γd
w˜e ∇2 eˆ 
 Γd e˜ dΩ

Ω
wˆe 
 Γd
w˜e εeq dΩ
ﬃ
(21)
Using the product rule for the Laplacian of a discontinuous scalar field, the term
∇2  Γd φ in the previous equation is equal to:
∇2  Γd φ $ Γd ∇
2φ 
 φ∇δΓd    ν 
 2δΓd ∇φ    ν ﬃ (22)
Substitution of the above relation into equation (21) leads to the term Ω φ∇δΓd    ν dΩ
which can be expanded using the directional derivative of a function φ in the direction
of a generic unit vector v (Dvφ  ∇φ    v):
Ω
∇δΓd    v φ dΩ  Ω DvδΓd φ dΩ  Γd
Dvφ dΓ 
Γd
∇φ    v dΓ
ﬃ
(23)
Equation (23) has been derived using the following relation for the Dirac-delta function
δΓd [10]:
Ω
∇δΓd φ dΩ % Γd
∇φ dΓ
ﬃ
(24)
Using Gauss’ theorem and after the application of the boundary conditions, the two
variational statements generated from equation (21) can be written in the form:
Ω
wˆeeˆ dΩ 

Ω !
wˆee˜ dΩ 
 c
Ω
∇wˆe    ∇eˆ dΩ 
 c
Ω!
∇wˆe    ∇e˜ dΩ

Ω
wˆeεeq dΩ (25a)
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Ω !
w˜eeˆ dΩ 

Ω!
w˜ee˜ dΩ 
 c
Ω !
∇w˜e    ∇eˆ dΩ 
 c
Ω !
∇w˜e    ∇e˜ dΩ

Ω !
w˜eεeq dΩ
ﬃ
(25b)
Finally, using a Bubnov-Galerkin approach and engineering vector notation for σ and
ε and following standard procedures [7], the discretised boundary value problem can
be written in matrix form as:
Kaa & t Kab & t Kap & t Kaq & t
Kba & t Kbb & t Kbp & t Kbq & t
Kpa & t Kpb & t Kpp Kpq
Kqa & t Kqb & t Kqp Kqq
∆a
∆b
∆p
∆q

fext & a & t  dt
fext & b & t  dt
0
0

fint & a & t
fint & b & t
fint & p & t
fint & q & t
 (26)
where ∆  indicates an increment of  , a and b are regular and enhanced displace-
ment degrees of freedom, p and q are regular and enhanced non-local equivalent
strain degrees of freedom and with the symmetries Kba  Kab, Kbp  Kbq  Kaq,
Kqa  Kqb  Kpb, Kqp  Kqq  Kpq and
Kaa 
Ω
BTu  1  ω  DBu dΩ (27a)
Kab  Ω!
BTu  1  ω  DBu dΩ (27b)
Kap 
Ω
BTu
∂ω
∂κ
∂κ
∂e DεNe dΩ (27c)
Kaq 
Ω !
BTu
∂ω
∂κ
∂κ
∂e DεNe dΩ (27d)
Kbb  Ω!
BTu  1  ω  DBu dΩ (27e)
Kpa 
Ω
NTe
∂εeq
∂ε
T
Bu dΩ (27f)
Kpb  Ω !
NTe
∂εeq
∂ε
T
Bu dΩ (27g)
Kpp 
Ω
NTe Ne 
 BTe cBe dΩ (27h)
Kpq 
Ω!
NTe Ne 
 BTe cBe dΩ
ﬃ
(27i)
As in the standard gradient damage formulation, the stiffness matrix is not symmetric.
In equations (27), N is a matrix containing the usual finite element shape functions, B
is a matrix containing spatial derivatives of the shape functions and κ is the maximum
value of the non-local equivalent strain (see equation (8)). The terms in the RHS of the
discretised boundary value problem read:
fint & a  Ω
BTu σ dΩ (28a)
fint & b  Ω!
BTu σ dΩ (28b)
6
WCCM V, July 7–12, 2002, Vienna, Austria
fint & p  Ω
NTe Nep 
 BTe cBep  NTe εeq dΩ 

Ω!
NTe Neq 
 BTe cBeq dΩ (28c)
fint & q  Ω !
NTe Nep 
 BTe cBep  NTe εeq dΩ 

Ω !
NTe Neq 
 BTe cBeq dΩ
ﬃ
(28d)
5 Finite element implementation
The finite element implementation mainly follows the one proposed in [7] for the
gradient-enhanced model. In the following, some issues pertinent to the current imple-
mentation of the discontinuous model are discussed. Other issues, such as the choice
of the nodes to enhance, are discussed in [9].
Introducing a discontinuity A discontinuity is introduced when the damage at all
integration points in the element ahead of a discontinuity is larger than a critical value
set to ωcrit  0 ﬃ 999.
Numerical integration When dealing with integration of the element matrices only
on part of an element domain, it is necessary to consider alternative integration rules.
When an element is intersected by a discontinuity, the two resulting sub-domains are
triangulated and each sub-domain is mapped to a parent unit triangle over which a
three-point symmetric quadrature rule, with interior points within the triangular sub-
domain, is considered [9].
6 Failure analysis of a concrete beam in four-point bending
To illustrate the combined continuous/discontinuous approach, a four-point bending
test of a concrete beam with different notch sizes d is analysed (Fig. 2). To enable
comparison with the experiments [11], the vertical displacement of a point placed at
the bottom of the beam and with an offset of 7.5 mm from the centreline of the beam
is used for the measurement of the deflection v. The following material parameters [3],
‘fitted’ for the continuum problem, are adopted for the simulation: Young’s modulus
E  40000 MPa; Poisson’s ratio ν  0
ﬃ
2; exponential damage evolution law (equa-
tion (9)) with damage threshold κ0  0 ﬃ 000075, damage law parameters α  0 ﬃ 92 and
β  300; modified von Mises definition of the local equivalent strain (equation (12))
with k  10; gradient parameter c  4 mm2. The simulation is performed under plane
stress conditions. The load is applied via an imposed displacement. Quadrilateral el-
ements with quadratic interpolation for the displacement and linear interpolation for
the non-local equivalent strain have been used. A 2 ' 2 Gauss quadrature rule is used
in the continuum for elements not crossed by a discontinuity. The notch is simulated
as a traction-free discontinuity [9] and the direction of the discontinuity is prescribed
to be vertical. The analyses for the 10 mm deep notch beam are reported in Fig. 3a for
different mesh sizes. In the process zone, the coarse, medium and fine mesh element
sizes are, respectively, 10 mm, 5 mm and 2.5 mm. Due to the small difference in the
response between the medium and the fine discretisation (Fig. 3a), the former, with a
10 mm deep notch, has been used for the results depicted in Fig. 4 and Fig. 5. From
the analysis of the results it is evident how the introduction of a discontinuity during
7
A. Simone, G. N. Wells, L. J. Sluys
150 150 150
500
100
1/2 P1/2 P
d
Figure 2: Four-point bending test (thickness 50 mm; dimensions in mm).
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Figure 3: Load-deflection curves for simulations with (a) different meshes (10 mm
deep notch) and (b) different notch size d (medium mesh) and experimental results
[11].
the computation influences the global and local behaviour. In particular, Fig. 4 shows
how the activity of the non-local equivalent strain is mobilised only around the dis-
continuity tip for the continuum/discrete model. This translates in the more realistic
damage profiles depicted in Fig. 5. However, the use of an exponential softening rela-
tionship with a high residual stress at the moment of the enhancement (around 10 %
of the tensile strength) causes the marked drops in Fig. 3a and makes the comparison
with experiment difficult (Fig. 3b). The use of different stress-strain relationships with
lower residual stress values produced an unsatisfactory comparison in the post-peak
response. Introduction of displacement discontinuities requires a re-assessment of the
material parameters of the continuum model which govern the post-peak response.
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notch
continuum failure
continuum with transition to discrete failure
Figure 4: Four-point bending test: non-local equivalent strain evolution (medium mesh
/ 10 mm deep notch beam).
continuum failure
continuum with transition to discrete failure
ω
0.99
0.93
0.86
0.79
0.71
0.64
0.57
0.50
0.43
0.36
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0.00
Figure 5: Four-point bending test: damage evolution (the discontinuity is represented
by the white thick line; medium mesh / 10 mm deep notch beam).
7 Conclusions
A discontinuous gradient-enhanced damage model for fracture has been presented. An
implicit gradient-enhanced damage model is enriched with discontinuous interpola-
tions of the problem fields through the partition of unity concept. The discretisation
procedure for the enriched model has been completely described. By introducing a
discontinuity at a fully damaged material point, macroscopic cracks can be realisti-
cally described. As a discontinuity propagates, the activity of the non-local equivalent
strain is mobilised at the discontinuity tip and ceases behind it. Spurious growth of
damage can thus be prevented since the non-local interaction between the two sides of
the discontinuity is avoided.
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